Let k be a field and R be the polynomial ring in n variables over k. Given two finitely generated k-subalgebras of R, we ask "is their intersection also always finitely generated?" For characteristic(k) = 0, we construct counter-examples for n = 3 based on non-algebraic analytic normal compactifications of C 2 constructed in [Mon13] (counter-examples were previously constructed in [Bay02] for n ≥ 32). Since the answer in the case n = 1 is true, this leaves the question tantalizingly open for n = 2.
Introduction
Let k be a field and R := k[x 1 , . . . , x n ], where x 1 , . . . , x n are indeterminates. Let R 1 , R 2 be finitely generated k-subalgebras of R. Question 1.1. Is R 1 ∩ R 2 finitely generated as an algebra over k?
For n = 1 the answer to Question 1.1 is positive, since any subalgebra A of k[x] is finitely generated (indeed, either A = k or k[x] is integral over A and in the latter case A is a finitely generated k-algebra by a well known property of Noetherian rings [AM69, Proposition 7.8]). In fact it was shown in [Gal57] that A is generated over k by at most d + 1 elements, where d is the smallest degree of a non-constant polynomial in A. On the other hand, for n ≥ 2, even though it is easy to construct non-finitely generated k-subalgebras of k[x, y], it is a priori not obvious if these can appear as intersections of two finitely generated sub-algebras. Indeed, using a result of [Sch00] we show that the answer to Question 1.1 for n = 2 is affirmative if R i and R 2 are integrally closed and the field of fractions of each R i is k(x 1 , x 2 ) (Theorem 3.1). We conjecture that the answer is in fact affirmative for n = 2.
Finite generation of subalgebras of polynomial algebras has been well studied, see e.g. [Nag66] , [Eak72] , [GH85] , [DO08] and references therein. One of the classical motivations for these studies has been Hibert's 14th problem. Indeed, in [Bay02] counter-examples to Question 1.1 have been constructed for n ≥ 32 using Nagata's counterexamples to Hilbert's 14th problem. Our motivation to study this question however comes from projective completions of affine varieties via degree-like functions. More precisely, if A is a k-algebra, then δ : A → Z ∪ {−∞} is called a degree-like function if it satisfies the following 'degree-like' properties:
Given δ as above, consider the graded ring
where t is an indeterminate. If X is an affine variety over k, then it turns out that for a 'reasonable' degree-like function δ on the coordinate ring In the case that X is the affine space k n , Question 1.1 * reduces to Question 1.1 via the following observations: Observation 1. In this case k[X] δ is isomorphic to a subalgebra of polynomial rings in n + 1 variables (follows from the second expression in (1)), and
where t is as in (1)).
Indeed, our counter-examples (in dimension 3) of Question 1.1 come from considerations of completions of C 2 . More precisely, for k := C and X := C 2 , we give a recipe to construct δ 1 and δ 2 on C[x, y] which give a counter-example to Question 1.1 * . In fact, the counterexamples stem from the fact that the δ's from our construction correspond to non-algebraic normal analytic compactifications of C 2 constructed in [Mon13] .
Remark 1.2. In the same way as in our examples, from every non-algebraic normal analytic compactification of C 2 it is possible to construct collections of finitely generated C-subalgebras of C[x, y, t] such that their intersections are not finitely generated over C.
Remark 1.3. The C-subalgebras R 1 and R 2 of C[x, y, t] from our counter-examples are in particular graded C-algebras (the grading being given by exponents of t) which are integrally closed and in all cases, each of R 1 , R 2 and R 1 ∩ R 2 has field of fraction C(x, y, t). Theorem 3.1 shows that this sort of counter-example (to Question 1.1) can not occur for n = 2.
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Main example(s)
We describe one example in detail. See Remark 2.7 for the general construction. LetR := C[x, x −1 , y, t] and y 1 := y − x 5 − x −2 , y 2 := y + x 5 − x −2 ∈ S. For both i, 1 ≤ i ≤ 2, definẽ
(the x α y β i in (3) denotes the vector space over C spanned by all the x α y
Theorem 2.1. R 1 and R 2 are finitely generated C-algebras, but R 1 ∩ R 2 is not finitely generated over C.
, where δ i is the (restriction to C[x, y]) of the weighted degree on C(x, y) = C(x, y i ) corresponding to weights 1 for x and −3 for y i .
Proof of Theorem 2.1. Theorem 2.1 follows from combining Remark 2.2 and Observation 2 of Section 1 with Corollary 2.5 and Lemma 2.6 below.
Lemma 2.3. Let ω be the weighted degree on S := C[x, y, z 1 , z 2 ] which gives weights 1, 5, −2, −1 to respectively x, y, z 1 , z 2 . Let π 1 (resp. π 2 ) : S → C[x, y] be the C-algebra homomorphism which is identity on C[x, y] and maps z 1 → y − x 5 and z 2 → x 2 (y − x 5 ) − 1 (resp. z 1 → y + x 5 and z 2 → x 2 (y + x 5 ) − 1). For each i, 1 ≤ i ≤ 2, let δ i be the degree-like function on C[x, y] from Remark 2.2 and J i be the ideal in S generated by weighted homogeneous (with respect to ω) polynomials F ∈ S such that ω(F ) > δ i (π i (F )). Then J 1 (resp. J 2 ) is generated by y − x 5 and x 2 z 1 − 1 (resp. y + x 5 and x 2 z 1 − 1).
Proof. Fix an i, 1 ≤ i ≤ 2. At first note that ω(F ) ≥ δ i (π i (F )) for all F ∈ S. Since both ω and δ i satisfies Property P2 with exact equality, it follows that J i is a prime ideal of S. Let J i be the ideal of S generated by y − x 5 and x 2 z 1 − 1 if i = 1, or the ideal generated by y + x 5 and x 2 z 1 − 1 if i = 2. Note thatJ i ⊆ J i We have to show thatJ i = J i . Note that
via a graded ring isomorphism, where the grading on both rings is induced by ω. Since J i /J i is a prime homogeneous ideal of S/J i , it follows that if J i J i , then J i contains an element of the form xz 2 − α for some α ∈ C. But the definitions of δ i and J i show that this is impossible and therefore, J i =J i , as required.
Corollary 2.4. Let the notations be as in Lemma 2.3. For each i, 1 ≤ i ≤ 2, and each f ∈ C[x, y] \ {0}, there exists F ∈ S such that π i (F ) = f and ω(F ) = δ i (f ).
Proof. We prove the claim for i = 1, since the statement for i = 2 follows in exactly the same way. Fix f ∈ C[x, y] \ {0} and F ∈ S such that π 1 (F ) = f . It suffices to show that if ω(F ) > δ 1 (f ), then there exists F ′ ∈ S such that π 1 (F ′ ) = f and ω(F ′ ) < ω(F ). So assume ω(F ) > δ 1 (f ). Let H be the leading weighted homogeneous form (with respect to ω) of F . Then H ∈ J 1 , where J 1 is as in Lemma 2.3. Lemma 2.3 then implies that H = H 1 (y − x 5 ) + H 2 (x 2 z 1 − 1) for some H 1 , H 2 ∈ S. Setting F ′ := (F − H) + H 1 z 1 + H 2 z 2 shows that π 1 (F ′ ) = π 1 (F ) and ω(F ′ ) < ω(F ), as required.
Corollary 2.5. C[x, y] δ i is a finitely generated C-algebra for each i, 1 ≤ i ≤ 2.
Proof. Fix i, 1 ≤ i ≤ 2. Let t be an indeterminate andS i be the C-subalgebra of S[t] generated by all monomials x k y l z
2 ) ≤ d, and letπ i :S i → C[x, y] δ i be the graded C-algebra morphism which maps
(in the right hand side we identified C[x, y] δ i to a subring of C[x, y, t] via the isomorphism of (1)). Corollary 2.4 implies thatπ i is surjective, and therefore C[x, y] δ i is finitely generated over C, as required.
Lemma 2.6. Let δ := max{δ 1 , δ 2 }. Then C[x, y] δ is not finitely generated.
Proof. Let u, v, ξ be indeterminates and η be the degree-like function on C[u, v] defined as follows:
In Remark 2.7. Let p be any odd integer ≥ 3 and f (x) ∈ C[x, x −1 ] be such that
2. a p = 0, and 3. a −q = 0 for some q such that 2 ≤ q ≤ p − 1.
Let q := − ord x (f (x)). Then q ≥ 2 by assumption 3. Pick any pair of positive integers ω 1 , ω 2 such that q < ω 2 /ω 1 < p. Let f 1 (x) := f (x) and f 2 (x) := p i=−p+1 (−1) i a i x i . For each i, 1 ≤ i ≤ 2, let y i := y − f i (x) and δ i be the (restriction to C[x, y]) of the weighted degree on C(x, y) = C(x, y i ) corresponding to weights ω 1 for x and −ω 2 for y i . Let δ := max{δ 1 , δ 2 }. Then it follows by similar arguments as in the proof of Theorem 2.1 that each C[x, y] δ i is finitely generated as an algebra over C, but C[x, y] δ is not. (Note that Theorem 2.1 corresponds to the case that p = 5, f (x) = x 5 + x −2 , and (ω 1 , ω 2 ) = (1, 3).) 3 A partial result for n = 2 Theorem 3.1. Let R 1 , R 2 be finitely generated k-subalgebras of k[x 1 , x 2 ]. Assume that for each i, 1 ≤ i ≤ 2, R i is integrally closed and the field of fractions of R i is k(x 1 , x 2 ). Then R 1 ∩ R 2 is also finitely generated as an algebra over k.
Proof. W.l.o.g. we may assume that k is algebraically closed. By [Sch00, Corollary 6.3] it suffices to show that there is a normal surface U over k such that R 1 ∩ R 2 = Γ(U, O U ). We now construct a U as in the preceding sentence. For each i, 1 ≤ i ≤ 2, let X i := Spec R i and X i be a projective compactification of X i . LetX be the closure inX 1 ×X 2 of the graph of the birational correspondence X 1 X 2 induced by the identification of their function field and letX be the normalization ofX. For each i, let π i :X →X i be the natural projection and
A A technical lemma Definition A.1. A degree-like function δ on a k-algebra A is called a semidegree if δ satisfies condition P2 always with an equality. We say that δ is a subdegree if there are finitely many semidegrees δ 1 , . . . , δ k such that
, then δ is a semidegree iff −δ is a discrete valuation.
Let A ⊆ B be k-algebras which are also integral domains. Assume B is integral over A and the quotient field L of B is a finite separable extension of the quotient field K of A.
Lemma A.3. Let δ 1 , . . . , δ m be semidegrees on A which are integer-valued on A \ {0}, and δ := max{δ 1 , . . . , δ m }.
Proof. By construction, the restriction of η to A is precisely δ, so that A δ ⊆ B η . Since if B is integrally closed, then B η is also integrally closed [Mon10b, Proposition 2.2.7], the last assertion of the lemma follows from the first. To demonstrate the first assertion, let f ∈ B \ {0} and d ′ := η(f ). We show that (f ) d ′ ∈ B η satisfies an integral equation over A δ . Let the minimal polynomial of f over K be
and L ′ be the Galois closure of L over K. Since L ′ is Galois over K, it contains all the roots f 1 , . . . , f d of P (t). Since L/K is finite and separable, each
Since the δ i , η ij and η ′ ijk 's are negative of discrete valuations, it follows that each η ′ ijk = η ′ i11 • σ ijk for some σ ijk ∈ Gal(L ′ /K) [ZS75, Theorem VI.12, Corollary 3]. It follows that for all i, j,
Note that η ′ i | K = δ i for each i. Since each g e (from (6)) is an e-th symmetric polynomial in f 1 , . . . , f d , it follows that for all i, 1 ≤ i ≤ m, and all e, 1 ≤ e ≤ d,
Since η ′ | B = η, it follows that d ′ := η(f ) = η ′ (f ). By definition of η ′ , there exists i, 1 ≤ i ≤ m,
It then follows from (7) that
Now recall that A is integrally closed, so that g e ∈ A for all e [AM69, Proposition 5.15]. Since inequality (8) implies that δ(g e ) ≤ ed ′ , it follows that (g e ) ed ′ ∈ A δ for all e. Consequently (f ) d ′ satisfies the integral equatioñ
over A δ . Therefore B η is integral over A δ , as required.
